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Curry-Howard Isomorphism

Lambda Calculus Refresher

Syntax
Semantics

(_>;9)

(Av.er)es | erfea/v]

N
Q
(Az.z)(M\yy)  Ayy
Az Ay.x)(Aa.a)(Ab.b)  (Ay.(Aa.a))(Ab.b)  Aa.a
M. Qz.frzx)Ae.fxx) Af.Qz.fez) e fzx)) 7
succ [1,2,3] ?
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Curry-Howard Isomorphism

System F'w Refresher

Syntax

O]lv]A:T.e|eres

unit | void | T — 15

Typing Semantics

z:o€el Iz:oke:r I'kFey:o—>7 T'key:

'tz:0 THAz:0.€):(0c—71) F'kejey: T

I': typing context, function that maps idents to types
I'e:7: "in context I, e has type 7"

Az :int Ay :int.x +y
(As : str."Hello, "+ s+ "!")"World"
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Curry-Howard Isomorphism

System F'w Refresher

Syntax

Olv|Aw:T.elerex | Aa.e

unit |void | Th —» T2 | a | Va. T

Typing Semantics
z:o€el Iz:oke:r I'tei:o—71 T'key:o

e e A
'tz:0 THAz:0.€):(0c—71) F'kejey: T (A=)

INake:o I'kFe:Va. o
'tAa.e:Va.o TrelT]:o[T/a]

(A2)

CoNs : = Aa. Ahd - a\tl - o 1ist. (hd, tl)
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Curry-Howard Isomorphism

System F'w Refresher

Syntax
OJv|Aw:T.e|leres | Aa:: K.e | e[T]
unit [void | Th = Tp | a|Vau K. T | A= K. T |Th T
x| K1 — Ko

Typing Semantics (assuming type equivalence via 3-reduction)
rz:0€l Iz:oke:r I'tei:o—7 T'key:o
'tz:0 THAz:0.€):(0c—71) F'kejex:

(As)

INakFe:o I'kFe:Va.o F"T::KJ(/\)O(SHEF te X
'FAa.e:Va.o F'kelT]:o[T/a] Thauk Drtux

Tz ok Fti ke 't k1 — Ko |
L'E Az Ry t) i (k1 — K2) I'Ft1tg Ko

(Aw)
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Curry-Howard Isomorphism

System Fw Refresher

Uk — ok — %

:VAVB. A —- B — PAIRAB

ok — ok — ok

:VAVB. A — SuMAB

:VAVB.B - SUMAB
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Curry-Howard Isomorphism

Type Inhabitation
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Curry-Howard Isomorphism

Type Inhabitation
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Break! Any Questions?




Curry-Howard Isomorphism

Types as Propositions

It turns out that System F'w corresponds with Higher-Order Propositional
Logic (HOL)! Fw types are propositions, and its values are proofs of
propositions.

let modus_ponens P P Q Q
fun (p P f P Q P P — Q

fp
What do we get with higher-order propositional logic?

Propositions that talk about other propositions (reasoning about
logical connectives):

(MP)

SYMMETRIC(F) :=VPQ, FPQ — FQP
Encodings of impredicative relations and data structures:

EQ(P, Q) :=VR, RP = RQ
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Curry-Howard Isomorphism

Where it Stops
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The Lambda Cube

Back to PL

The problem is related to the lambda calculi typing semantics!

Terms to Types
A ———— = \C

Types to Types
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The Lambda Cube

Typing Semantics (plus \,)
I'E1Ty % Fo:TiETy:x TT'ES:llx:T.K 'k¢:T
PHIz:Ty. Ty :: % 'k St: K[t/x]

'S« Fx:SHt: T TI'kHtg:lx:S.T I't9: S
'k (A\x:S.t):Hx: ST TFtyte: Tlte/x]

LET % Fx:TEFS:K TFT:x
'FA\z:7T.5) Iz T.K

Dependent Type Theory
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The Lambda Cube

Dependent Vectors

i x — IIn : nat. *

VT ::%x. VECT 0
VI % IIn :nat. T — VECT n — VECT (n+1)

VT % 1In:nat. VECT (n+1) - T

VT % 1In:nat. VECT (n+1) - VEC T n
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