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The Role of Artificial Intelligence in Theorem Proving

CHARLES AVERILL, University of Texas at Dallas, USA

Theorem proving is one of the oldest targets of artificial intelligence research, and the question of “how
much of the work can be automated?” remains open. This survey examines the history and current state
of Al-assisted theorem proving, covering rule-based approaches, classical machine learning, deep learning,
and large language models. We organize the landscape around two paradigms: rule-based methods, which
encode domain-specific reasoning strategies as explicit procedures, and machine learning methods, which
train models to predict reasoning steps from data. For each paradigm we survey representative systems,
describe their core techniques, and situate them in the broader context of the field’s development. We discuss
open problems and argue that the most productive near-term role for Al in theorem proving is to absorb the
mechanical and repetitive parts of proof work, rather than to replace human mathematical reasoning.
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1 Introduction

For thousands of years, the advancements of the human race have been fueled by our efforts in
mathematics. Agriculture, architecture, warfare, and exploration have evolved dramatically as
mathematicians built powerful abstractions to efficiently reason about the world around us. This
growth was enabled by tedious, careful, and error-prone calculations performed manually. To offset
this overhead, we constructed elegant methods to solve problems more easily: early architects
suspended chains to approximate catenary curves for building arches [9]; merchants adopted the
abacus to accelerate arithmetic; Babbage designed the first mechanical calculator [60] to eliminate
errors in nautical tables; and engineers built the vacuum tube systems and transistor machines
that became the first modern computers. Each generation of tools was motivated by the desire to
offload calculation so that human minds could focus on harder problems.

Roughly one century ago, this paradigm was uprooted as a group of mathematicians founded the
field of computer science [19, 24, 73, 78] in an effort to better understand the capabilities of formal
logic. This work was a direct response to Hilbert’s program [92], which challenged the mathematical
community to find a complete and consistent set of axioms from which all mathematical truth
could be derived. Church, Turing, and their contemporaries showed that no such procedure could
exist in full generality. In doing so, they developed precise definitions of computation, forming the
theoretical foundations upon which all modern computers rest.

Although the machines built on these fundamental theories are primarily used for communication,
commerce, and war, they were initially designed to perform automatic reasoning in mathematics.
The earliest pioneers of artificial intelligence considered machine intelligence to be synonymous
with the automated reasoning capabilities for mathematical and logical problems. Over the following
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2 Averill

decades, however, practical pressures pushed formal methods and artificial intelligence in different
directions. Computer-aided mathematics became a specialized discipline focused on proof assistants
and verification, while Al research focused on perception, heuristic search, and statistical learning.
The two fields developed largely independent methodologies, communities, and vocabularies.

As the world grows increasingly dependent upon digital infrastructure, we are once again
incentivized to pursue automated reasoning capabilities in the name of security and stability. Subtle
bugs in mission-critical software, communication protocols, and formal specifications represent
systemic risks at a scale that manual review and spot checks cannot address. The task of having a
machine discover or verify mathematical proofs offers a path toward reliable software and systems.
This renewed urgency has drawn the Al and formal methods researchers back together, and today
we see the two fields converging once more as large language models, reinforcement learning, and
neural search are brought to bear on automated proof generation.

A number of fundamental challenges remain open: the field has converged heavily on a few sub-
problems, which receive varying amounts of interest over time; the probability-distribution-based
generation of modern language models makes them poorly suited for the open-ended conjecture
generation that theory exploration requires; and evaluation methodology is unsettled, as existing
datasets and metrics may not adequately measure generalization to novel mathematical reasoning.
Addressing these challenges has motivated a diverse landscape of approaches, broadly organized
around two paradigms. Rule-based methods encode domain-specific reasoning strategies as explicit
procedures, and machine learning methods train models to predict reasoning steps.

The remainder of this survey is organized as follows. Section ?? provides background on theorem
provers, machine learning, and the formal foundations underlying both. Section 3 surveys the
history of Al in theorem proving. Section 4 covers machine learning approaches, from classical
premise selection to large language models. Section 5 covers rule-based approaches, including
inductive automation and theory exploration. Section 6 presents related surveys and complementary
work. Section 7 discusses open problems and promising directions.

1.1 Scope

We consider research in the context of automating the construction of formal proofs via Artificial
Intelligence (Al) in Interactive Theorem Provers (ITPs) or proof assistants and Automatic Theorem
Provers (ATPs). To avoid the philosophical problem of defining “Al,” we restrict the scope of this
survey to techniques that enhance the capabilities of ITPs and ATPs while residing in at least one
of the following categories:

e Machine Learning: learning some function over input training data that generalizes to
unseen inputs, such as k-Nearest Neighbors [30] or neural networks [58]

e Knowledge Management: synthesizing and exploring sets of knowledge to call upon for
reasoning, such as approaches targeting premise selection and loop invariant synthesis

e Heuristic: encoding specific reasoning strategies as a procedure to be used by an ATP or
ITP user, such as rippling [15]

These categories restrict Al proof automation efforts to those the authors find the most relevant,
successful, interesting, and applicable to theorem prover users. We exclude some approaches, such
as tactic languages and domain-specific tools, that are explored in more depth in other surveys
as described in §6. Furthermore, this survey focuses on generic techniques that could reasonably
be applied to any domain, rather than approaches that target one specific application of formal
methods.
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Consult the Scholar 3

2 Background
2.1 Theorem Provers

Theorem provers are a category of software designed to check and/or generate proofs for formal
mathematical statements. Automated Theorem Provers (ATPs) aim to automatically generate and
check proofs for a given theorem, while Interactive Theorem Provers (ITPs) enable a user to manually
describe proofs to be checked. Both have been utilized to prove complex mathematical statements.

2.1.1  Automated Theorem Proving. Automated theorem proving was among the earliest ambitions
of computer science, and for a time was nearly synonymous with artificial intelligence. The Logic
Theorist [63], developed in 1956, was the first program to automatically prove mathematical theo-
rems correct, successfully discovering proofs for 38 of the 52 theorems in Principia Mathematica [86].
Early researchers were highly optimistic about the application of computers for automated reason-
ing. They hoped that, given a sufficiently rich encoding of mathematical knowledge, computers
could autonomously discover and verify new theorems solely through symbolic reasoning.

This optimism proved difficult to sustain as problems grew in size and complexity. ATPs made
rapid advances through the 1960s via heuristics and new search algorithms, but it became increas-
ingly clear that proof search is sensitive to exponential explosions in computational complexity, and
that purely automatic approaches would soon plateau when faced with any theorem requiring deep
insight or background knowledge. By the 1970s, the practical demands of software verification (in
which theorems are numerous, highly-specific, and complexly inter-dependent) made it apparent
that human guidance was indispensable for non-trivial works.

Despite these challenges, automated theorem proving persists still, and has demonstrated great
applications with relatively small human guidance. Rather than serving as end-to-end proof discov-
ery engines, they remain as powerful sub-components that are called upon to discharge smaller
problems that humans identify as necessary to solve larger problems. Systems such as ACL2 [53],
which automates inductive reasoning over recursive programs, have been used to reason about
complex objects such as microprocessors [14]. SMT solvers such as Z3 [26] are now routinely
embedded as decision procedure backends in larger verification frameworks and ITPs. The most
widely used ATPs today, (e.g., E [74], SPASS, Vampire [68]) are commonly invoked in hammer
systems [8] that translate proof goals into first-order logic statements to automatically dispatch.

2.1.2 Interactive Theorem Proving. Interactive theorem proving emerged as a distinct field in the
1960s, motivated by the growing recognition that full automation was infeasible for large proofs.
The core idea is that both the human and machine contribute what they do best: the human supplies
mathematical intuition, high-level strategy, and forward reasoning steps such as key lemmas, while
the machine can solve tedious, repetitive tasks and check proofs with high assurance.

Automath [61] was arguably the first interactive theorem prover, and set several patterns that
would be inherited by its decendents. It was the first proof system to utilize the Curry-Howard
Isomorphism [76], which describes a relationship between type systems and propositional logic, as
the basis for a proof checker. The idea that a proof is a well-typed term in a suitable type theory
is foundational, and became the backbone of modern ITPs such as Rocq [42]. Indeed, Rocq is a
direct descendent of Automath; the development of the Calculus of Constructions [22] (the initial
underlying type theory of Rocq) was influenced by it.

The CoC incorporated another core aspect of many modern ITPs: dependent types. Knowing
that propositions, specifications, and relationships can be encoded as types, dependent typing
parametrizes these by program values. This enables the formal statement of phrases such as “for
given numbers n, m, n + m = m + n” (the equality is parametrized by the inputs n, m). Dependent
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4 Averill

types substantially increase the expressiveness of a proof language, allowing specifications and
proofs to be written in a single unified framework.

As the limitations of pure automation became clear through the 1970s and 1980s, ITP attracted
increasing research attention, producing families of influential systems built either on Rocq’s
approach (encoding theorems as types) or another interpretation of the Curry-Howard Isomorphism
in which theorems are more loosely associated with classes of proofs: LCF [36]. LCF introduced the
key idea of implementing a proof assistant in a typed meta-language such that only the primitive
inference rules can construct theorems, guaranteeing soundness by construction regardless of the
complexity of structures built atop this kernel. LCF’s type theory underlies HOL [35], Isabelle [65],
and their descendants, which use classical higher-order logic (rather than CoC-style constructivist
type theory) and have been applied to landmark verification efforts such as seL4 [54].

By the 1990s and 2000s, ITP had become the dominant paradigm for serious formalization work.
ATP came to serve primarily as an automation component in larger interactive works.

2.2 Machine Learning

Machine Learning (ML) is a field of research with the aim of building computer systems that can
approximate generic functions from specific training samples. In other words, ML models learn
relationships between the conditions of a system and measurements of that system such that they
can be used to predict the behavior of the system in unseen conditions. Canonical ML tasks include
classifying an input into one of multiple categories, regression to predict continuous numerical
values, clustering common inputs together, and anomaly detection.

Learning to perform these tasks entails iteratively modifying a model (some data structure
encoding a function approximation), also referred to as training. Training is either supervised,
where input samples are paired with labeled outputs, or unsupervised, where only inputs are
provided. Inference is the process of supplying an input to a trained model to receive a prediction.
In some systems, the input is referred to as a prompt.

Models can vary greatly in complexity, intended purpose, their ability to generalize from few
training samples, etc. We present some common model types that appear often in Al theorem
proving efforts.

2.2.1  k-Nearest Neighbors (k-NN). k-NN [30] is a fundamental ML algorithm used for classification
and regression by grouping the k most similar points in a dataset. Its application is natural for
classification, as grouping an input with its most similar training samples is an intuitive heuristic
for classifying samples. For regression, an input’s most similar training samples are averaged to
predict the output, with the intuition that nearby inputs are likely to have nearby outputs.

2.2.2 Bayesian Network. Bayesian networks are directed acyclic graphs in which nodes represent
statistical variables and edges represent probabilistic dependencies. Inference on these graphs occurs
via Bayes’ Theorem [6]. Bayesian networks can be used for classification by modeling the joint
distribution of input features and class labels, allowing computation of the probability of each class
given observations. For regression, they can model continuous variables and their dependencies,
enabling prediction of a target variable as a conditional expectation given observations.

2.2.3  Neural Network (NN). Neural networks [58] are a family of ML models loosely inspired by
biological neural structures. A network is organized into layers of interconnected nodes called
neurons, where each neuron computes a weighted sum of its inputs and passes the result through a
nonlinear activation function. Layers are stacked sequentially: an input layer receives raw features,
one or more hidden layers learn intermediate representations, and an output layer produces a
prediction. Training adjusts the weights of every neuron via backpropagation, which propagates
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prediction error backward through the network and applies gradient descent to minimize a loss
function over training data. The depth of a network is the number of hidden layers within, and
correlates with its capacity to learn hierarchical features. NN architectures with many layers are
referred to as deep neural networks.

2.2.4  Recurrent Neural Network (RNN). RNNs [71] address a challenge faced by standard NNs:
handling variable-length input sequences. They accomplish this by introducing a hidden state
that is updated at each position of an input sequence, effectively giving the network a form of
memory over prior inputs. At each step, the network receives the current input together with the
previous hidden state, producing both an output and an updated state to be carried forward. This
recurrence enables RNNs to capture dependencies across sequences of arbitrary length, making
them well-suited for language modeling and proof script processing.

A practical limitation of vanilla RNNs is that gradients shrink exponentially when backpropagated
through many time steps, making it difficult to learn long-range dependencies. This is referred
to as the vanishing gradient problem. Gated architectures such as the Long Short-Term Memory
(LSTM) [44] and Gated Recurrent Unit (GRU) [18] mitigate this by introducing learned gates that
control what information is retained or discarded as the hidden state evolves.

2.2.5 Transformer. The Transformer [83] is a neural network architecture designed to model
sequences without recurrence, relying entirely on a mechanism called self-attention. Self-attention
allows every element of an input sequence to directly interact with every other element simultane-
ously, rather than processing the sequence step by step as RNNs do. This enables highly parallel
training on modern hardware and sidesteps the vanishing gradient problems that plague recurrent
approaches. Transformers are organized into stacked blocks of attention and feed-forward layers,
and can be configured to encode inputs, generate outputs, or both.

Transformers form the basis of large language models (LLMs), which have demonstrated strong
generalization to downstream tasks via fine-tuning or in-context prompting, and have become
the dominant architecture in recent Al theorem proving work. Notably, they require substantially
larger datasets than other ML models in order to effectively learn the patterns of the input space.

2.3 Machine Learning Strategies

The previously described models must be trained via some strategy that determines what signal is
used to update the model’s behavior. We describe the four strategies most relevant to Al theorem
proving.

2.3.1 Supervised Learning. In supervised learning, a model is trained on a dataset of input-output
pairs, where each output is a ground-truth label provided by an external source (e.g., an expert
human). The model is optimized to minimize the discrepancy between its predictions and the
provided labels, typically via gradient descent on a loss function. In the theorem proving setting,
supervised learning commonly takes the form of training on human-written proof corpora, where
the inputs are proof states and the outputs are the strategies a human chose to apply.

2.3.2 Unsupervised Learning. Unsupervised learning does not require labeled outputs; instead, a
model is trained to find structure in unlabeled input data alone. Common unsupervised objectives
include clustering inputs into groups, learning compact latent representations, and modeling the
distribution of inputs so that likely new samples can be generated.

2.3.3 Imitation Learning. Imitation learning trains a model to replicate the behavior of an expert
by treating recorded expert demonstrations as supervised training data. In the context of ITP, the
expert is typically a human prover, and demonstrations are existing proof scripts; the model learns
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6 Averill

to predict the next proof strategy by imitating the sequence of choices the human made. A key
limitation of imitation learning is distribution shift: at inference time the model may encounter
proof states that never appeared during training, and errors can compound as the model navigates
increasingly unfamiliar territory without a mechanism for recovery.

2.3.4 Reinforcement Learning. Reinforcement learning (RL) trains an agent to maximize a cumu-
lative reward signal obtained by interacting with an environment. Rather than imitating fixed
demonstrations, the agent explores possible actions, receives feedback on their outcomes, and
updates its policy to favor actions that lead to higher reward. RL sidesteps the distribution shift
problem of imitation learning by training directly on the states the agent actually visits, but requires
a large number of interactions to learn effectively.

2.4 Program Analysis

Program analysis is a category of techniques for formally reasoning about the behavior and compo-
sition of computer programs. Formal program analysis usually seeks to prove some correctness or
safety property for all of a program’s input-output pairs. These methods contrast with standard
unit testing, which usually can only prove these properties for a small subset of the (potentially
infinite) input-output space.

Formal software verification frequently involves many redundant or near-trivial steps in between
stating and proving deep properties of a program’s sub-components. Thus, it is a highly sought-after
target in proof automation, and thus in the surveyed Al proof automation approaches.

Unfortunately, formal program analysis involves distinct and uniquely challenging reasoning
steps that are used less frequently in standard mathematics proofs. This is largely due to the use of
repetition or iteration in programming, where mathematicians largely prefer to quickly abstract
away from these concepts as they appear. Because of the ever-presence of iteration in computer
programs, formal software verification does not reduce nicely to symbolic manipulation, as much
of mathematics does.

The surveyed automation techniques primarily target two avenues for performing formal soft-
ware verification: invariant generation and dependent types.

2.4.1 Invariant-Driven Verification. Hoare logic [43] provides a formal system for reasoning about
the partial correctness of imperative programs. The central construct is the Hoare triple {P} C {Q},
which asserts that if precondition P holds before command C executes and C terminates, then
postcondition Q holds afterward. Hoare logic includes inference rules that describe how triples
compose: for example, the sequence rule states that {P} C;; C; {R} follows from {P} C; {Q} and
{Q} C, {R}. This transforms the question “does this program do the right thing?” into a collection
of proof obligations over a program’s sub-components, which can then be discharged by a theorem
prover.

The central challenge of applying Hoare logic to programs with loops is that a loop may execute
an arbitrary number of times. The standard solution is a loop invariant: a predicate I that holds
before the loop begins, is preserved by every iteration of the loop body, and is strong enough to
imply the desired postcondition when the loop exits. Given a loop while B do C, the Hoare rule for
loops requires finding an I such that {I A B} C {I}; the invariant then discharges the entire loop
with the triple {I} while B do C {I A —B}.

Consider a simple program that computes the sum of the first n natural numbers by accumulating
into a variable s as i counts from 0 to n. The invariant s = @ A 0 < i < n captures the relationship
between s and i at every iteration. It holds before the loop (i = 0, s = 0), is preserved by each
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add(z, Y, Y).
add(s(X), Y, s(Z)) :- add(X, Y, Z).

Fig. 1. Peano addition implemented in Prolog

increment of i and corresponding update to s, and when the loop exits with i = n it implies
= @ the desired postcondition.
Finding such invariants by hand for production-level software is tedious and is frequently the
most labor-intensive step in a formal software verification proof. It is for this reason that invariant

generation is a primary target of the proof automation techniques surveyed.

2.4.2 Dependent Types. The type systems of most programming languages assign types to ex-
pressions based solely on their syntactic structure: a function sort might have type List — List
regardless of the content or length of its argument. Dependent types remove this restriction by
allowing types to depend on values, making it possible to natively express values with types such
as “a list of exactly n elements” or “a number n such that n > 0”.

These types can encode not only primitive properties of data structures (such as list length) but
can in fact encode arbitrary mathematical properties of program values. For example, consider a
function filter that filters out list elements that do not satisfy some predicate f. In a language
with dependent types, one may define the filter such that its return type is

{I:1ist|Vi, i < || = f(I[i]) holds}.

That is, the function itself returns (alongside the return value) a proof that all of the return value’s
elements satisfy f.

Dependently-typed programming languages such as Rocq [42], Lean [27], and Agda [10] utilize
dependent types to allow users to state arbitrary theorems encoded as dependent types. These
theorems can contain a function’s input and output values and the properties that describe them.
Users state their desired correctness and security properties as dependently-typed theorems and
construct proofs that show that the properties hold.

2.5 Logic Programming

Logic programming is a paradigm in which a program is expressed not as a sequence of instructions
but as a collection of logical facts and rules that together define a knowledge base. Computation
proceeds by posing a query to this knowledge base and asking whether there exists an assignment
of values to the query’s variables that is consistent with the known facts and rules. Logic program-
ming forms the basis for modern proof search techniques, and logic programs can reasonably be
interpreted as involving proof search in their execution.

2.5.1 Knowledge Bases and Queries. Consider representing the natural numbers in Peano style,
where z denotes zero and s(N) denotes the successor of N. Addition can then be defined entirely as
a set of facts and rules in a logical programming language such as Prolog [82] as seen in Figure 1.

In Figure 1, the first clause is a fact asserting that adding zero to any Y yields Y. The second is a
rule asserting that adding s (X) to Y yields s(Z), provided that adding X to Y yields Z. A query such
as ?- add(s(s(z)), s(z), R) asks the system to find a value of R satisfying the relation, which
it will bind to s(s(s(z))).

2.5.2  Proof Search as Traversal. Answering a query requires the system to find a sequence of rule
applications that derives it from the known facts. Prolog accomplishes this via depth-first search
with backtracking over the proof tree induced by the rules. Backtracking is the process of re-tracing
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the path already taken on the search to change some earlier decision if it is found that the current
path is un-satisfiable, or if the user has requested multiple answers to a problem.

[add(s(s(z)), s(z), R) j

CV W‘Z

add(z, s(z), R)? {add(s(z), s(2), zo}

first arg # z — fail R=s(Z1)
cI;V WZ
add(z, s(z), Z1)? add(z, s(z), Z»)
first arg # z — fail Zy =5(Zp)

clause 1

Z, = s(z)
clause 1 matches

= Z; = s(s(@)), R = s(s(s(2))

Fig. 2. Proof search tree for add(s(s(z)), s(z), R)

Figure 2 shows an example derivation for the query add(s(s(z)), s(z), R).To answer the
query, Prolog cannot apply the first clause since the first argument is not z, so it applies the second,
unifying X=s(z) and Y=s(z), and reducing the query to add(s(z), s(z), Z;). The same rule
applies again, reducing further to add(z, s(z), Z;), at which point the first clause matches
immediately, binding Z,=s(z). Unwinding, Z;=s(s(z)) and therefore R=s(s(s(z))), the correct
encoding of 3.

The structure of this search is essentially the same as tactic-based proof search in an ITP: the
current query is a goal, rule applications are tactics, and the system backtracks when a chosen
rule leads to a dead end. The primary distinction is that logic programming targets decidable or
semi-decidable queries over explicitly enumerated facts, while ITP proof search operates over richer
logics with user-defined tactics and heuristics to manage a much larger search space.

2.6 Proof Synthesis

Proof synthesis is the automatic construction of proof objects to be checked by a theorem prover,
and is the end goal of proof automation. We identify four high-level tasks that are necessary for
proof synthesis:

e Tactic Prediction: choosing which proof strategy to take next given the current proof context

e Premise Selection: choosing which axioms, facts, or previously-proved theories are relevant
to the task at hand

e Theory Exploration: choosing when it is appropriate to state and prove useful lemmas, and
choosing which lemmas to prove, to make progress on the current proof context

o Autoformalization: converting natural-language theorem statements into formal definitions

While each of these categories are relevant for ITP, tactic prediction is notably not applicable for
ATPs, in which there is no notion of tactics or proof scripts.
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3 Overview

The history of Al in theorem proving is a story of repeatedly revised expectations. In the earliest
decades of the field, artificial intelligence was not yet clearly outlined as a discipline, and heavily
overlapped with automated reasoning. Early research into automated reasoning systems was largely
concerned with symbolic reasoning, problem solving, and the mechanization of logic. Systems for
automated theorem proving therefore were seen as direct embodiments of intelligent, autonomous
behavior.

The Logic Theorist [64] is arguably the first automated theorem prover, famed for having proved
38 of the 52 theorems in Principia Mathematica in 1956. Given its successes, it seemed briefly possible
that full automation of mathematical reasoning was within reach. This optimism was sustained
through the early 1960s as new search algorithms such as resolution refutation [70] augmented the
capabilities of automated reasoning systems in large increments. This optimism did not survive
contact with large-scale problems in mathematics and program analysis. Proof search turned out
to be acutely sensitive to exponential blowup, and purely automatic approaches plateaued quickly
when faced with any theorem requiring genuine mathematical insight or extensive background
knowledge. By the 1970s it was clear that despite an abundance of impressive discoveries in
automated theorem proving, purely-automated systems would be unable to reach the lofty goals
envisioned decades earlier.

The response to this plateau was not to abandon automation but to reconceive its role. Two
complementary research directions emerged. One branch, interactive theorem proving, relied on
humans to dictate the flow and low-level details of proofs, while enabling custom automation
as seen fit. Automath [61], developed by de Bruijn in the late 1960s, was the first to utilize the
Curry-Howard isomorphism as the formalism behind proof encoding as typed terms, establishing
the foundations that modern proof assistants such as Rocq, Lean, and Agda inherit. LCF [36],
developed at Edinburgh and Stanford in the 1970s, guaranteed proof soundness by construction by
implementing a proof assistant in a typed meta-language so that only primitive inference rules
can construct theorems. This architecture became the backbone of HOL [35] and Isabelle [65], and
remains standard today. Boyer and Moore’s Nqthm [11] pioneered another branch, accepting that
full generality was unnecessary for practical targets, such as software and hardware verification,
and relied upon human interaction (e.g., stating intermediate results to prove in the service of
larger ones) and deeply-automated systems for the specific class of theorems that target required.
Ngqthm’s waterfall model and its successor ACL2 [53] demonstrated impressive competence on
complex proof engineering problems, including the verification of commercial microprocessors [14]
and the correctness of the RSA encryption algorithm.

These two branches developed largely in parallel throughout the late 20 century, each accu-
mulating landmark results that clarified what the technology could and could not do. Gonthier’s
2005 machine-checked proof of the Four Color Theorem in Coq [32] was a huge turning point for
the field: it validated a result that had been controversial since Appel and Haken’s 1976 computer-
assisted proof [1], widely criticized because the computer component could not itself be checked.
The Flyspeck project, completed in 2014, carried this further by producing a fully formal proof of
the Kepler conjecture [38], solving a decades-old problem. In 2009, Klein et al. proved the functional
correctness of the 8,700 lines of C code making up the seL4 microkernel [54], establishing that ITP
was viable for industrial-scale software. The Mizar Mathematical Library [2], one of the largest
repositories of formalized mathematics, further demonstrated the scalability of interactive proof
development.

Meanwhile, the question of how to reduce the human burden in ITP was generating its own
research thread. The hammer paradigm [8], in which ITP goals are automatically translated into
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first-order logic and dispatched to off-the-shelf ATPs, was a practical answer. Premise selection,
the challenge of choosing which lemmas from large libraries to include in the ATP call, became
a recognized subproblem, and the first ML-based approaches to it arose from the Automated
Reasoning in Large Theories movement. MaLARea [81] showed that a Bayes network trained on
syntactic symbol co-occurrence could substantially outperform naive premise selection on large
mathematical libraries, solving 165 of 252 problems on the MPTP challenge set [79] compared
to 104 for the best purely symbolic baselines. This was the entry point of machine learning into
theorem proving proper, not as a proof engine but as an intelligent filter on the combinatorial
explosion of potentially relevant facts.

With the re-emergence of deep learning in the 2010s, the problem space was again revolutionized.
DeepMath [47] in 2016 was the first to apply neural networks to premise selection, demonstrating
that CNNs operating directly on formal syntax could learn relevance judgments competitive with
hand-engineered features. As research effort pivoted towards focusing on interactive theorem prov-
ing, the task to solve accordingly shifted from premise selection to tactic prediction. GamePad [45],
HOList [3], miniF2F [94], and CoqGym [89] contributed learning environments consisting of large
corpora of human-generated proofs for models to train on. The insight driving deep learning-based
systems was that the sequential structure of a proof is amenable to the same sequence modeling
techniques that had succeeded in natural language processing, and that the formal proof state
provides a precise training signal unavailable in informal mathematics.

The emergence of large language models produced the most recent and dramatic shift. GPT-
f [66] showed that a Transformer pre-trained on mathematical text could be fine-tuned for tactic
prediction, with domain-specific pre-training on arXiv papers providing a measurable advantage
over general internet corpora. The key observation was that LLMs arrive at formal proof tasks
already equipped with broad mathematical intuition acquired from textbooks and informal proofs,
knowledge that earlier neural provers had to learn from scratch from formal libraries alone. This
pre-trained knowledge proved transferable and complementary to symbolic methods. Draft, Sketch,
and Prove [49] exploited it to generate informal proof outlines that guide ATP search, achieving
roughly 40% on miniF2F, a 20-30 percentage point improvement over symbolic baselines alone.
LeanDojo [90] then identified a methodological problem that had inflated much of the reported
progress. Naive train/test splits allow theorems in the test set to share premises with nearly identical
training examples, and correcting for this retroactively reduced success rates substantially across
prior work.

The arc traced by Al theorem proving over the past seventy years is a gradual one. Full automation,
once imagined as imminent, gave way to the more durable insight that humans and machines
contribute complementary strengths: machines excel at exhaustive search, bookkeeping, and the
discharge of routine sub-problems, while humans supply the mathematical intuition and strategic
judgment that no system has yet replicated. The landmark results of the 21 century validated
interactive proof development as a serious engineering discipline rather than an academic curiosity.
The subsequent introduction of machine learning, and later large language models, has reopened
questions about how much of the remaining human burden can be absorbed by automation, while
simultaneously exposing new methodological challenges around evaluation and generalization.
The field now stands at a productive, if unsettled, juncture: symbolic and learned methods are
beginning to reinforce one another, and the boundary of what machines can handle continues to
shift, though how far and how fast remains an open question.

4 Machine Learning Approaches

The application of ML to theorem proving has undergone several distinct generational shifts,
broadly tracking the wider trajectory of the ML field. Early approaches treated proof automation as
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a classical ML problem, engineering input features by hand and applying relatively simple models
to premise selection and search heuristics. The advent of deep learning removed the need for
manual feature engineering, allowing models to learn representations of formal mathematical
syntax directly from data. Most recently, the rise of large language models has shifted the dominant
paradigm again, enabling systems that leverage general mathematical knowledge acquired through
pre-training on large corpora rather than knowledge confined to a single proof library.

Each generation has improved on the last in raw capability, but has also introduced new method-
ological challenges. In particular, the evaluation of ML-based theorem provers is complicated by
the structured nature of proof libraries: theorems are rarely independent, and naive train/test splits
may produce inflated success rates. We survey approaches across all three generations, primarily
exploring approaches for premise selection, tactic prediction, and auto-formalization.

4.1 Classical Machine Learning

The first modern ML approaches we consider arose from the Automated Reasoning in Large Theories
(ARLT) movement. ARLT marked a shift in ML approaches in ATP; early automation attempts
focused on learning heuristics for domain-specific theories, or augmenting proof search tech-
niques [77]. These approaches generally target premise selection and tactic prediction.

4.1.1 MalLARea. The earliest attempt to enhance ATP premise selection via ML for large theories
is MaLARea [80, 81]. The initial approach [80] was purely syntactic, learning associations between
the symbols that appear in premises and the relevance of those premises to a goal. MaLARea
depends on the SNoW system [17], a Bayes network, trained for classification.

A later revision [81] of the system extended it with semantic guidance in addition to its existing
syntactic pipeline. This guidance entails searching for finite models, sets of mathematical objects and
their semantics, that invalidate the conjecture to prove when combined with the currently-selected
premise set. If invalidated then another premise must be necessary, otherwise the current premise
selection is more likely to be sufficient.

MaLARea significantly improved upon other approaches for the MPTP challenge set [79], a set
of 252 mathematical problems. ATPs E [74] and SPASS [85] solved 89 and 81 problems, respectively,
and 104 overall. MaLARea with semantic guidance solves 165 problems, a substantial improvement.

4.1.2 CoqHammer. CoqgHammer [25] is a hammer for the Coq proof assistant that must contend
with a challenge absent in earlier hammer systems: Coq’s type theory is dependently typed, meaning
that types can depend on values in ways that have no obvious equivalent in the first-order logic
accepted by external ATPs. CogHammer addresses this by implementing a translation layer that
encodes dependently-typed expressions into first-order logic, enabling Coq goals to be dispatched
to off-the-shelf ATPs. Premise selection is accomplished by a k-NN classifier trained on previously
proved theorems.

When an ATP finds a proof of the translated goal, CoqHammer reconstructs a valid Coq proof
term from the ATP’s output, closing the proof inside the Coq kernel. The system reconstructs
17-40% of Coq’s standard library theorems depending on its configurations, which include different
ATP backends and number of premises selected.

4.1.3 SEPIA. SEPIA [37] takes a different approach to tactic prediction, departing from feature-
based classifiers entirely in favor of learning directly from the structure of completed proofs. Given
a corpus of proof traces, SEPIA applies the MINT [84] algorithm to infer a finite state machine
(FSM) whose states represent proof contexts and whose transitions represent tactic applications
observed in training data. At inference time, SEPIA performs a breadth-first search over the FSM to
suggest the next tactic.
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The key limitation of this approach is that the FSM is essentially a compressed record of proofs
already seen, with no mechanism for generalizing to structurally novel goals. The system solves
approximately 15% of theorems on average across theory libraries, but achieves 0% on some,
indicating that performance is highly dependent on the similarity between test goals and the
training corpus. Its reliance on storing and replaying proof traces also raises scalability concerns as
the knowledge base grows, since the FSM must be re-inferred as new proofs are added.

4.14 TacticToe. TacticToe [31] targets tactic prediction for HOL Light by framing proof search as
a greedy tree search, where the scoring function for each candidate tactic is provided by a k-NN
classifier over a database of recorded tactic applications. At each proof step, TacticToe retrieves the
k most similar proof states from its database and uses the tactics applied in those states to rank
candidates for the current goal. Premise selection is accomplished by a separate k-NN query over a
database of previously proved lemmas.

The authors pre-select the set of tactics the model may choose from, limiting the search space
at the cost of generality. TacticToe solves 66% of theorems in HOL Light’s standard library on a
random train/test split.

4.1.5 Tactician. Tactician [7] provides a k-NN-based tactic suggestion interface directly inside
the Coq proof assistant, constructing a semantic tactic database from proof traces accumulated
during normal use. Rather than requiring a separate offline training phase, Tactician operates as
a persistent background process that observes every proof the user completes and immediately
incorporates it into the database, so the system’s knowledge grows continuously alongside the
user’s own work. At each proof step, the user can invoke the suggest tactic to receive a ranked
list of candidate tactics or search to let Tactician conduct an automated proof search.

The similarity metric used for retrieval is based on a representation of the proof state that captures
both the goal and the local context, allowing Tactician to distinguish between superficially similar
goals that require different proof strategies. The authors do not report quantitative evaluation
statistics, but the online learning design makes Tactician particularly well-suited to long-running
formalization projects where the relevant lemma library grows over time.

4.2 Deep Learning

The limitations of classical ML approaches in theorem proving stem in part from their reliance on
hand-engineered input features, which require significant domain expertise to design and may
fail to capture the full structure of formal mathematical expressions. Deep learning approaches
address this by learning representations of proof states and theorem statements directly from data,
enabling more expressive models at the cost of greater data and compute requirements.

4.2.1 DeepMath. DeepMath [47] was the first project to apply neural networks to premise selection.
The core idea is to treat premise selection as a binary classification problem: given a conjecture and
a candidate premise, predict whether the premise is likely to be useful in a proof. Both the conjecture
and the premise are fed to separate embedding networks, and the resulting representations are
combined to produce a relevance score.

Training data consists of theorems in the Mizar Mathematical Library [2] known to be provable by
ATPs, with premises labeled as relevant or irrelevant based on whether they appear in known proofs.
The authors evaluate LSTMs, CNNs, and GRUs as the embedding networks and find that CNNs
outperform CNN-LSTM hybrids and GRUs, which in turn outperform plain LSTMs, suggesting that
local patterns are more informative for premise selection than larger patterns. The best CNN-based
models achieve between 30 and 70% premise selection accuracy on Mizar theorems known to be
provable by ATPs.
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4.2.2 GamePad. GamePad [45] is a learning environment for Coq that exposes the proof assistant’s
internal state to ML models, enabling training on two complementary tasks: tactic prediction,
choosing the next tactic to apply, and position prediction, estimating the number of tactics remaining
to close a proof. Position prediction is particularly notable as it provides a value function for proof
search, allowing the system to prioritize proof states that are estimated to be close to completion.
The system encodes proof term ASTs as inputs to RNNs, providing structured representations of
the proof state rather than raw text.

GamePad reports 95% proof accuracy on a set of synthesized algebraic rewriting problems, and
between 40 and 60% accuracy on theorems drawn from the Feit-Thompson formalization [33] using
various ML architectures. The authors note, however, that these figures are likely inflated by test
set poisoning, and that the tactic prediction dataset gives special treatment to specific tactics such
as reflexivity, limiting the generality of the results.

4.2.3 HOList. HOList [3] provides an instrumented version of the HOL Light proof assistant as a
reinforcement learning environment for tactic prediction, with the explicit goal of enabling the kind
of self-play training loop that had proven successful in game-playing Al The environment exposes
a step function that accepts a tactic and returns the resulting proof state, allowing an RL agent
to explore proof search without human intervention. The dataset contains approximately 30, 000
theorems, with splits designed to prevent goals descended from the same parent from appearing in
both training and test sets. An example tactic prediction model trained within HOList achieves
roughly 35% accuracy.

4.24 CoqgGym. CoqGym [89] contributes a large-scale dataset of 71,000 human-written Coq
proofs drawn from a broad range of libraries, together with ASTactic, a model that treats tactic
prediction as structured prediction over ASTs rather than sequence generation over tokens. The
motivation is that flat token sequences can generate syntactically invalid tactics, whereas decoding
into an AST enforces syntactic validity by construction at every step of generation. The decoder
generates a tactic AST top-down, selecting a production rule at each node based on the current
proof state encoded by an attention-based encoder.

ASTactic solves 12.2% of theorems in the test set, and combining it with state-of-the-art ATPs
such as SMT solvers raises this figure to approximately 30%, suggesting that neural and symbolic
approaches capture complementary proof strategies.

4.25 Learning to Reason in Large Theories without Imitation. Bansal et al. [4] identify a fundamental
tension in applying imitation learning to theorem proving: a model trained to imitate human proof
traces will only ever encounter the proof states that humans chose to visit, yet at inference time it
must navigate from arbitrary starting states, including ones far from any training example. This
distribution mismatch causes errors to compound, as each mistaken tactic leads to a proof state
further from the training distribution.

Their proposed alternative is retrieval-augmented reinforcement learning, in which the agent is
initialized with a set of known proofs but learns its policy by interacting directly with the proof
assistant rather than by imitating demonstrations. During training, unnecessary premises are
pruned from the context at each step, reducing the complexity of the state space the agent must
navigate. The authors acknowledge that generalization to domains requiring novel mathematical
concepts remains an open challenge.

4.2.6  Proverbot9001. Proverbot9001 [72] is a neural tactic prediction system for Coq targeting
the practical verification of real-world software, with a particular focus on the CompCert verified
C compiler. The system encodes the proof state using a graph neural network over the AST of
the current goal and local context, and uses this encoding to score candidate tactics drawn from a
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fixed vocabulary. Premise selection is accomplished by a heuristic component rather than a learned
model, reflecting the authors’ observation that learned premise selection tends to perform worse
than simple heuristics on software verification benchmarks.

The system achieves a success rate of 28% on CompCert and between 13 and 20% on the concat,
float, and zfc libraries, representing one of the first evaluations of a neural theorem prover on
industrial-scale verified software.

4.3 Large Language Models

Deep learning approaches to theorem proving are fundamentally limited by the size and scope
of available formal proof corpora, which are small relative to the datasets used to train modern
ML models. The emergence of the Transformer architecture [83] and the subsequent scaling of
language models on internet-scale text created a new opportunity: models that arrive at formal
proof tasks already equipped with broad mathematical knowledge acquired from textbooks, papers,
and informal proofs.

GPT-f [66] was the first to demonstrate that this pre-trained knowledge could be transferred to
tactic prediction in an ITP, and the field has since converged on LLMs as the dominant approach.
This shift also enables new proof synthesis strategies that were previously out of reach, such as
generating informal proof sketches to guide formal search and repairing existing proofs in response
to changes in the underlying code.

4.3.1 TacTok. TacTok [28] is a proof synthesis system for Coq that conditions tactic prediction
on both the current proof state and the semantic content of the proof script accumulated so far,
using a language model over tactic token sequences. Prior work such as ASTactic [89] encoded
only the current goal, discarding the history of tactics that led to it. TacTok’s key insight is that
the sequence of prior tactics carries information about the proof strategy being pursued, and that
this context should inform the choice of the next tactic even when it does not change the syntactic
form of the current goal.

TacTok achieves a success rate of 12.9% and outperforms ASTactic on large Coq projects of 10, 000
or more theorems, though it does not surpass CoqHammer [25]. The authors suggest TacTok is best
understood as a complement to hammer-style and neural approaches rather than a replacement,
and note that it handles higher-order reasoning in cases where other tools fail.

4.3.2 GPT-f. GPT-f [66] was the first work to apply a generative Transformer language model
to tactic prediction in an ITP, targeting the Metamath proof assistant [59]. Rather than encoding
a proof state and predicting a single tactic, GPT-f generates entire proof steps autoregressively,
conditioning each token on the full preceding proof context. This generative framing allows the
model to produce novel tactic expressions rather than selecting from a fixed vocabulary, significantly
expanding the space of proofs the system can find.

The authors find that pre-training on mathematical texts such as papers from arXiv yields
substantially better performance than pre-training on general internet corpora, providing early
evidence that domain-specific pre-training is important for formal reasoning tasks. Performance
also scales consistently with model size across the range of models evaluated. GPT-f reports a 56%
success rate on a Metamath dataset using a random train/test split, though the lack of contamination
controls means this figure likely overestimates real-world generalization.

4.3.3 PACT. PACT [39] observes that human-written tactic scripts, the standard source of LLM
training data for theorem proving, represent only a small fraction of the formal knowledge encoded
in a proof library. Every proof term checked by Lean’s kernel implicitly contains a wealth of auxiliary
information, such as the types of intermediate expressions, the names and statements of lemmas
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instantiated along the way, and the structure of the proof term itself. This information does not
always appear in the tactic script a human writes. PACT proposes extracting this information directly
from the kernel to construct a richer set of co-training tasks, including next-lemma prediction, type
prediction, and theorem naming, alongside the standard tactic prediction objective.

PACT instruments Lean to allow LLMs to interface directly with the kernel, bypassing the textual
tactic layer entirely. The reference implementation accomplishes a reported 35%+ success rate on a
dataset with a train/test split based on hashes of theorem names.

4.3.4  Draft, Sketch, and Prove. Draft, Sketch, and Prove [49] is motivated by the observation that
mathematicians rarely construct formal proofs from scratch; they typically reason informally first,
identifying the key steps of an argument in natural language before translating those steps into a
formal system. The system breaks down this workflow in two stages. First, an LLM is prompted
to produce an informal natural-language proof draft of the target theorem. This draft is then
translated into a formal sketch: a sequence of high-level proof steps expressed in the ITP’s language,
with the detailed justifications for each step left as gaps to be filled. Each gap is then discharged
independently by an off-the-shelf ATP.

This division of labor exploits the complementary strengths of LLMs and ATPs: the LLM supplies
the high-level mathematical intuition that ATPs lack, while the ATPs provide the rigorous low-level
verification that LLMs cannot be trusted to perform. The approach achieves approximately 40%
success on the miniF2F benchmark [94], representing a 20-30 percentage point improvement over
the ATP baselines alone.

4.3.5 Baldur: Whole-Proof Generation and Repair with Large Language Models. Baldur [29] targets
proof synthesis for Isabelle/HOL and departs from the tactic-prediction paradigm of prior LLM-
based approaches by generating entire proofs in a single model call rather than one step at a time.
It fine-tunes an LLM on the PISA [48] dataset of 183,000 human-written Isabelle proofs, training it
to predict a complete proof given only the theorem statement.

Because whole-proof generation frequently produces proofs that are nearly correct but fail on
minor syntactic or logical errors, Baldur pairs the generation model with a separate repair model
trained on tuples of incorrect proofs, error messages, and correct proofs. When the generated proof
fails, the error message returned by Isabelle is fed back to the repair model, which proposes a
corrected version. Baldur covers 4.2% additional theorems when the repair model is applied on top
of a single generation attempt, and improves on the SOTA by 8.7% on PISA.

4.3.6 LeanDojo. LeanDojo [90] contributes both a retrieval-augmented tactic prediction model for
Lean and an important methodological critique of evaluation practices in the field. The retrieval
component instruments Lean’s elaboration process to extract fine-grained annotations linking
each tactic in a proof script to the specific premises it uses, producing a dataset in which every
tactic application is labeled with its dependencies. At inference time, a retrieval model uses these
annotations to build an index of premises, allowing the tactic prediction model to condition its
output on facts retrieved from the library rather than relying solely on knowledge encoded in its
parameters.

Crucially, the authors demonstrate that the standard random train/test split used by most prior
work inflates reported success rates, because theorems in the test set frequently share premises
with nearly identical training set theorems. They propose a more rigorous splitting strategy that
ensures every theorem in the test set uses at least one premise that never appears in any training set
proof, and show experimentally that this reduces reported success rates substantially, retroactively
casting doubt on many results in the prior literature.
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4.3.7 PALM. Lu et al. [57] conduct a systematic analysis of the failure modes of GPT-based proof
generation on CoqGym [89], finding a consistent pattern: LLMs are competent at producing correct
high-level proof structure but frequently fail at low-level details such as correctly naming identifiers,
selecting appropriate lemma instances, and generating type-correct expressions. This suggests that
one bottleneck is not mathematical reasoning, but rather the model’s imprecise knowledge of the
specific formal library it is working with.

Based on this analysis they propose PALM, a write-then-repair method that decouples high-level
proof planning from low-level syntactic correctness. PALM first generates an initial proof attempt
with an LLM, then applies a symbolic repair pass that identifies type errors and undefined identifiers
and attempts to fix them by querying the library for matching definitions. PALM achieves between
30 and 40% success on CoqGym using GPT-3, GPT-4, and Llama-3, with the repair pass contributing
meaningfully across all model sizes.

4.3.8 Sisyphus. Sisyphus [34] targets an important proof maintenance task: when a verified pro-
gram is updated but its specification remains unchanged, the existing proof may break because the
program’s internal structure has changed (even though its observable behavior has not). Manually
repairing such proofs is labor-intensive, as the prover must locate the invariants that no longer
hold and reconstruct arguments for their updated versions. Sisyphus automates this process by
tasking an LLM with proposing candidate invariant repairs guided by the diff between old and new
program versions, then checking each candidate against the proof assistant.

If a candidate fails, the proof assistant’s error messages are fed back to the LLM as additional
context, allowing it to refine its proposal iteratively. This framing positions LLMs as repair oracles
within an otherwise symbolic verification pipeline, exploiting their ability to generate plausible
mathematical expressions without requiring them to produce formally correct proofs independently.

4.3.9 Finding Inductive Loop Invariants using Large Language Models. Loopy [52] applies LLMs to
one of the most labor-intensive steps in formal software verification: supplying the loop invariants
required by Hoare-logic-based verification tools. Given a program and its pre- and postconditions,
the system prompts an LLM to propose candidate invariants, then checks each candidate against
the verifier. If the candidate fails, the verifier’s error message is fed back to the LLM as additional
context and a new candidate is requested. This generate-check-repair loop continues until a valid
invariant is found or a budget is exhausted.

The key observation motivating the approach is that LLMs, having been trained on large corpora
of code and mathematical text, have implicit knowledge of common invariant patterns that would
take a human significant effort to reconstruct from scratch. This makes them well-suited as a first-
pass oracle for invariant synthesis even without formal guarantees of correctness. Loopy solves
398 out of 469 benchmarks when combining LLM generation with SOTA invariant strengthening
procedures and a repair step, compared to 430 solved by the purely symbolic baseline Ultimate [41].
Thus, Loopy falls short overall, but solves benchmarks that Ultimate cannot, demonstrating that
LLM-generated invariants cover qualitatively different cases than symbolic methods alone.

5 Rule-Based Approaches

Rule-based approaches to proof automation have been prevalent for decades, and remain both
influential and actively used. In contrast to machine learning approaches which derive proof
guidance from statistical patterns in training data, rule-based systems encode explicit reasoning
strategies as deterministic procedures that can be applied without any training phase. Thus, they
are predictable, interpretable, and often sound by construction, properties that are difficult or
impossible to guarantee in learned systems.
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Vx:7.(Vy : 7.y < x — P(y)) — P(x)
Vx : 7.P(x)

Fig. 3. General formula for well-founded induction. < is some well-founded order on 7.

The approaches surveyed in this section cover two broad categories. Inductive automation systems
encode heuristics that target the structural challenges specific to inductive proofs, exploiting the fact
that inductive goals follow predictable patterns that brute-force search handles poorly. Inductive
goals are prevalent in nearly all program verification tasks, so these automation approaches are
highly valuable for verifying mission-critical software. Theory exploration systems address the
upstream question of which lemmas are worth stating and proving in the first place, automating
the construction of the lemma libraries that both rule-based and learning-based provers depend on.

5.1 Inductive Automation

Induction is a fundamental proof strategy that allows one to reason about arbitrarily large finite
structures via a constant-complexity case analysis. Consider the application of induction to proving
some property P of all natural numbers n: in order to prove that P holds for all n : N, it suffices to
show that P holds for n = 0 and that, assuming P holds for n = k!, P holds for n = k + 1. This is
commonly referred to as successor induction, as natural numbers are defined as either being 0 or
the successor of another natural number S(n”"). Successor induction is merely a special case of the
more general structural induction as seen in Figure 3, in which a proof case is necessary for each
form a variable can take, and any case with recursive sub-structures (such as the successor case for
N) assumes that P holds for the sub-structures.

Inductive proofs present a consistent structural challenge that differentiates them from most
non-inductive proofs: because inductive hypotheses only refer to sub-structures of the problem, non-
trivial effort is usually required to utilize the reasoning power they provide. Rule-based approaches
to inductive proofs exploit common patterns used to overcome this challenge, rather than searching
blindly for some sequence of proof steps that solves the proof. The systems described here were
among the first to automate non-trivial inductive proofs, and remain both influential and in-use.

5.1.1 Ngthm and ACL2. Nqthm [11] and its successor ACL2 [53] are ATPs for a quantifier-free,
first-order logic of total recursive functions. Its historical significance is twofold: it was the first
proof system to give first-class treatment to inductive proofs, and it gave rise to the waterfall model
of automated theorem proving that has since become standard.

Users state definitions, theorems, and induction rules in a LISP-like language. All recursive
functions must be accompanied by an ordinal measure that strictly decreases on every recursive
call to prove termination?.

The proof search consists of a fixed cascade of seven techniques, repeating until the goal is
discharged or no technique makes progress:

(1) Simplification applies rewrite rules (previously-defined lemmas in which the conclusion is an
equality), unfolds function definitions, and dispatches decision procedures for propositional
calculus, equality, and linear arithmetic

(2) Destructor Elimination seeks to eliminate function calls (and therefore reduce the size of the
theorem to prove) by applying rewrite rules to replace variables with expressions that lead
to greater simplification

IThis assumption is referred to as the “inductive hypothesis”
This pattern persists today in theorem provers such as Rocq [67]
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(3) Cross-Fertilization is a heuristic for applying equality hypotheses

(4) Generalizing replaces terms with variables to generalize the theorem being proved

(5) Elimination of irrelevance discards unnecessary hypotheses to prune unproductive proof
search branches

(6) Induction seeks to apply user-provided induction strategies

This iterative process of applying specific heuristics or simplification steps until the goal is simple
enough to be proven directly is known as the waterfall model.

L Prove: rev(rev(xs)) = xs }

via induction on xs

/

{ rev(rev([])) = [] } rev(rev(x :: xs’)) = x = xs’

v via simplification X stuck at
rev(rev(xs’) @ [x]) = x = x5’
after simplification

Failure suggests lemma

1
1
1
1
| .
. 1s necessary
1

1

rev(xs @ ys) = rev(ys) @ rev(xs)
v/ proved separately, added to DB

,,,,,,,,,,,,,,,,,,,,,,,,,

New lemma (user-supplied): ‘:
|
|
|

1

1

: Retry with enriched
' lemma DB

1
1

rev(rev(x = xs’)) = x = xs’
simplification =
rev(rev(xs’) @ [x]) = x = xs
apply lemma = rev([x]) @
rev(rev(xs’)) = x = xs’
v via simplification

’

Fig. 4. Ngthm proof search for involutility of list reversal (rev(rev(xs)) = xs).

The central workflow consists of a human dispatching the theorem prover, which will either
succeed at proving the target theorem, or will fail. Upon failing, the human will suggest intermediate
lemmas to prove that will lead the theorem prover towards the proof of the main theorem.

Figure 4 shows an example of this workflow. The first attempt stalls in the inductive step because
no rule in the initial database can simplify rev(rev(xs’) @ [x]). The user identifies the blocking
subgoal, dispatches the ATP to prove the distribution lemma for rev over append separately, and
adds it to the rewrite database. The second attempt then goes through.

This feedback loop is exceptionally powerful, as shown by the numerous applications of these
theorem provers to difficult problems:
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Main Theorem VXY Z X+ (Y+2Z2)=(X+Y)+Z
Inductive Hypothesis X+ (Y +2) =(X+Y)+Z
Goal S(X)+(Y+2)=(SX)+Y)+Z

Wave-front S(X)
Wave-hole X

Wave-rules

SU)+V=SU+V)
SU)XV=UxV+V

Fig. 5. Components of rippling for associativity of addition

o Invertibility of the RSA encryption algorithm [12]
e Godel’s incompleteness theorem [75]
e Correctness of the Berkeley C string library [13]

5.1.2  Rippling. Rippling [15] is a domain-specific heuristic for manipulating inductive proof goals
to automatically make progress in the proof. The technique works similarly to Nqthm and ACL2’s
approach of simplification via rewriting, but specifically targets bridging the gap between inductive
hypotheses and conclusions, and is compatible with quantifiers. Rippling tactics have been built into
multiple theorem provers [16, 87] and they fare exceptionally well on solving standard inductive
proofs completely automatically.

At its core, rippling aims to apply rewriting rules such that inductive hypotheses can eventually
be directly rewritten in or applied to the goal (commonly referred to as fertilization). Consider a
proof of the associativity of addition via successor induction. In the goal of the inductive step (as
in Figure 5), there exist a number of wave-fronts (the S functions) that prevent us from directly
applying the inductive hypothesis. Using the first-presented wave-rule, a rewrite rule that moves the
wave-front “outward” in the expression, we can convert our goal to S(X + (Y +2)) = S((X+Y)+2),
which we can trivially solve via the inductive hypothesis. This is an example of rippling-out, the
simplest form of rippling.

Outward movement is the common case, but wave fronts may also move inward to instantiate
universally quantified variables, across when a permutation of arguments is required, or under
existential quantifiers when a witness must be exhibited. Conditional wave rules handle rewrites
that are valid only subject to side conditions, and multiple wave rules may fire simultaneously on
different subterms. Each of these cases encodes a unique reasoning strategy that enables rippling
to make more intelligent progress than brute-force proof search.

5.2 Theory Exploration

Theory exploration is the automated discovery of lemmas regarding a given set of functions and
datatypes. In automated theorem proving, this task is generally the only human burden beyond
stating theorems to prove, making it a highly-desired target for automation. Whereas previously-
described systems automate the proof of inductive goals given a sufficient lemma database, theory
exploration addresses the question of how that database gets built in the first place. The central
observation motivating the field is that mathematicians do not typically prove theorems in isolation:
when introducing a new concept or function, they establish collections of basic properties relating
it to existing definitions, and then use those properties as stepping stones toward deeper results.

, Vol. 1, No. 1, Article . Publication date: May 2026.



932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973

975
976
977
978
979
980

20 Averill

Automating this workflow requires not just a prover but a system that can propose plausible
statements worth proving before any proof is attempted.

The systems described here take different approaches to conjecture generation. Bottom-up
approaches such as QuickSpec enumerate terms over a given signature and use random testing
to identify likely equalities, producing a broad algebraic specification of the functions at hand.
Failure-driven approaches generate conjectures in retrospect, extracting candidate lemmas from
the structure of a stuck proof state. More recent work combines these perspectives with rich data
structures to focus conjecture generation on lemmas that are guaranteed to make progress on
a specific goal. Together these approaches address the theory exploration task, and several of
them are directly integrated into ITP environments where their output can be consumed by proof
automation techniques surveyed.

5.2.1 Productive Use of Failure in Inductive Proof. Ireland and Bundy present a technique [46] for
automatically discovering the auxiliary lemmas that rippling requires but cannot find. Rippling
stalls when no wave-rule can move the wave-front closer to a wave-hole. Upon stalling, rather than
reporting failure and stopping, the system analyzes the stuck proof state to extract a candidate
lemma that, if true, would allow rippling to resume. The key observation is that failure is not merely
a dead end. The structure of the stuck goal contains precise information about what lemma is
missing, because the wave front and wave hole are explicit annotations on the term. The theorem
prover may generalizes blocking sub-terms into universally-quantified statements and submit them
as new conjectures to be proved by a separate inductive proof attempt.

The technique handles two failure modes. In the first, rippling terminates with a residual goal
that the fertilization step cannot close, indicating that the IH is too weak as stated. The system
responds by generalizing the goal to strengthen the IH for a subsequent attempt. In the second, no
wave rule applies at all, indicating that a rewrite is structurally needed that no existing wave rule
can perform. The system then synthesizes a wave rule by constructing a lemma whose conclusion
matches the required rewrite shape.

5.2.2  QuickSpec. QuickSpec [21] is a theory exploration system that automatically discovers
equational lemmas regarding a given set of functions by random testing. Given a signature of
functions and datatypes, it enumerates all valid terms up to a fixed depth and places them into
equivalence classes. It then repeatedly evaluates terms on randomly generated inputs, separating
any two terms that produce different outputs into distinct classes. When the classes stabilize,
QuickSpec reads off one equation per class by designating a representative term and equating
all others to it. The resulting conjectures have not been proved but are likely to be true, having
survived falsification on hundreds of random inputs.

The key insight behind QuickSpec is that random testing is an efficient proxy for equality. Failing
to find counterexamples after sufficient testing gives strong evidence that two terms are equal.
QuickSpec itself only generates new conjectures; it is intended to be paired with an inductive theo-
rem prover such as HipSpec [20] or an interactive proof assistant via a system such as Hipster [51]
in order to prove and utilize the conjectures.

5.2.3 Hipster. Hipster [51] integrates theory exploration directly into Isabelle/HOL by automat-
ically conjecturing and proving lemmas on demand within an active proof session. It translates
the current Isabelle theory into Haskell and runs QuickSpec [21] to generate candidate lemmas by
random testing. Once QuickSpec’s generated conjectures are imported back into Isabelle, Hipster
attempts to prove each one using structural induction and standard simplification. Each proved
lemma is immediately available to discharge later conjectures in the same session.
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5.24 CClLemma. CCLemma [55] is an automated prover for inductive equational goals that
addresses a tension between the two dominant approaches to lemma discovery. Goal-directed
approaches (those that only seek lemmas that prove the current gola) are fast but narrow-sighted,
missing lemmas that relate subterms in ways the goal does not directly suggest. Theory exploration
approaches (those that attempt to enumerate all provable lemmas for a set of types and functions)
are more expressive but scale poorly, spending time proving lemmas that turn out to be irrelevant
to the target property.

CCLemma resolves this by using e-graphs [62] and equality saturation to perform goal-directed
theory exploration. E-graphs are data structures that compactly represent a large set of expressions
and the equalities known to hold between them, grouping equal terms into equivalence classes.
Equality saturation is the process of repeatedly applying rewrite rules to an e-graph until no new
equalities can be derived, at which point the graph represents all consequences of the given rules
simultaneously rather than committing to any single rewrite sequence.

Rather than enumerating candidate lemmas over the full function vocabulary, CCLemma applies
all available rewrite rules simultaneously to the proof state, representing the resulting set of equal
terms compactly in an e-graph. When no rewrite can merge the e-classes containing the left- and
right-hand sides of the goal, CCLemma inspects the stuck e-graph to identify pairs of e-classes that
random testing suggests should be equal but are not yet known to be. It generalizes the terms in
these classes into a candidate lemma and attempts to prove it recursively before resuming the main
proof.

The key insight is that a lemma is only worth pursuing if it can make progress on the current
proof, and the e-graph makes this checkable cheaply: a lemma is useful if it would merge two
currently distinct e-classes in the stuck proof state. This filters out the large majority of theory
exploration candidates without requiring them to be proved first. CCLemma is evaluated on the
CLAM [46] benchmark suite, as well as a new benchmark of program optimization problems re-
quiring equivalence proofs between reference and optimized implementations. On the optimization
benchmark it solves 50% more problems than CVC4 [5] (the next best tool), including properties
which no prior tool could prove.

6 Related Work

Several surveys cover individual topics addressed by this one, though none evaluates the same
progression of Al proof automation from rule-based approaches to modern LLM approaches. Li et
al. [56] survey deep learning approaches to theorem proving comprehensively, covering premise
selection, tactic prediction, and autoformalization through 2024; their scope is largely complemen-
tary to our rule-based and theory exploration sections. Zhang and Tan [93] survey conjecturing
and theorem-finding systems, which covers theory exploration and automated conjecturing in
more depth.

For the history and foundations of the field, Harrison, Urban, and Wiedijk [40] provide a compre-
hensive history of interactive theorem proving from Automath through modern systems, covering
topics such as the Curry-Howard correspondence, the LCF architecture, and the development
of the calculus of constructions. Ringer et al. [69] provide a thorough survey of the engineering
of formally verified software covering proof assistants, proof engineering practices, and the gap
between the state of the art and the demands of large-scale verification. Blanchette et al. [8] survey
hammer automation tools, covering the translation, premise selection, and proof reconstruction
pipeline in detail.

For theory exploration and lemma discovery specifically, Johansson [50] surveys techniques
for automating the discovery of auxiliary lemmas for inductive proofs, covering both top-down
failure-driven approaches and bottom-up theory exploration. Cropper and Dumanci¢ [23] survey
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inductive logic programming at its 30-year mark, covering the intersection of logic programming
and machine learning that underlies several knowledge management approaches. The foundational
work on automated reasoning by Wos et al. [88] provides early context for the ATP landscape that
the ML approaches of §4 were built on top of.

7 Discussion

The most recent surveyed approaches have converged heavily on tactic prediction as the primary
target of Al proof automation. Results in this area are promising, but lack a sturdy foundation of
evaluation to stand on. LLMs fine-tuned on proof corpora are competitive with classical symbolic
methods on standard benchmarks, and approaches such as “Draft, Sketch, and Prove” demonstrate
that pre-trained mathematical knowledge can transfer to formal proof tasks. However, evaluation
methodologies are inconsistent and appear to misinform readers of the generalizing capabilities
of a model. LeanDojo demonstrated that naive train/test splits (such as those used in evaluations
using CoqGym) inflate reported success rates by permitting similar theorems to span both the
train and test sets. The authors propose mitigations for this effect, but do not present a fool-proof
method of ensuring the sets are truly discrete. It is unclear whether existing benchmarks measure
generalization to genuinely novel proofs, and careful consideration should be taken in future efforts
of dataset construction.

Theory exploration is comparatively neglected despite being an arguably harder and more
important problem than tactic prediction. Tactic prediction assumes a sufficient lemma database
exists, but these lemmas often require deep insight to even pose. Modern language models are
poorly suited to conjecture generation, as producing useful lemmas requires generating statements
that are simultaneously true, provable, and relevant to the task at hand. Hallucinations [91] are
common in current models, preventing most of these properties from being satisfied at the same
time.

Full end-to-end proof generation remains out of reach for non-trivial domains. One productive
near-term role for Al proof automation is to absorb the tedious and mechanical parts of proof
work, rather than replacing human reasoning. However, even this conclusion is not airtight:
methods for automating these tasks are prevalent [69]. Deep learning approaches are currently
best suited to non-trivial, high-level pattern matching problems. LLMs are particularly well suited
to knowledge transfer: between data types, between formalization efforts, between non-formal and
formal descriptions, and so on.

8 Conclusion

The surveyed approaches apply several methodologies to a common problem among generations of
humans: reducing tedious workloads so that mathematicians may focus on more difficult problems.
Rule-based systems handle well-behaved, recognizable tasks reliably within their scope. Classical
machine learning approaches demonstrated that the skills necessary to perform formal reasoning
tasks are learnable from existing data. Deep learning approaches enhanced these skills with the
capability to recognize even more complex patterns. LLMs facilitate knowledge transfer between
fields of study and across the natural/formal language barrier.

Each generation has also introduced new failure modes and evaluation pitfalls. Naive bench-
marking practices have overstated generalization, theory exploration remains underdeveloped
relative to its importance, and full end-to-end automation of non-trivial proofs is not yet in reach.

The current state of Al proof automation reflects the broader arc of the field. Each wave of
techniques has pushed the boundary of what machines can handle, and each has revealed how
much remains for humans to accomplish. Whether that boundary continues to recede depends on
progress in model architectures, evaluation methodology, and dataset construction.
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